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Introduction
The shape of a liquid droplet is of great interest for the field of droplet-based microfluidics.
Under gravitational distortion, the shape of a sessile droplet has been numerically investigated with varying degrees of success. The classic numerical solutions from Bashforth and Adams was widely employed. 1 Robertson and Lehman obtained the shape by minimizing the total energy of the droplet with a constant mass. 2 By means of singular perturbation techniques, O'Brien et al. developed an asymptotic expression to estimate the shape of small sessile and pendant droplets. 3, 4 The study of droplet shape is particularly important as the solutions can be directly compared with experimental results. 5 In addition, the shape of the droplet allows an indirect measurement of surface tension. 6, 7 Numerous techniques have been developed for controlling the behavior of a liquid droplet on a solid surface. Droplet behavior can be controlled by chemical gradient, 8 thermocapillarity, 9, 10 and electrostatic forces. 11, 12 Magnetic force was used in our previous work to control the behavior of a sessile ferrofluid droplet under the effect of a non-uniform external magnetic field. 13 This work indicated that the ferrofluid droplet undergoes a shape deformation. In the present paper, magnetic field was applied uniformly to investigate the deformed shape of a ferrofluid droplet.
Compared to the case of droplets flattened purely by gravitational force, the equilibrium shape of droplets in a magnetic field is difficult to obtain. Extra efforts are required to solve the problem involving non-local forces which depend on the shape of the domain occupied by the droplet. Sneyd and Moffatt presented a preliminary theory for predicting the equilibrium shape of a sessile ferrofluid droplet under a magnetic force. 14 The theory was derived based on potential energy minimization and perturbation method. The effects of both gravitational and magnetic force were examined on both wetting and non-wetting droplets. For droplet elongation under an external magnetic field, hysteresis phenomena were first experimentally investigated by Brancher and Zouaoui. 15 The phenomenon of hysteresis was further confirmed by the numerical results which presented the interface wavelength for the case of a wetting droplet. Bormashenko and Whyman proposed a universal solution to treat interactions 3 between a droplet and the surrounding as a generalized potential. 16 The application of standard calculus of variations was demonstrated to be effective and accurate for solving this problem. 17 Previously, Rosensweig studied the deformation and instability of freely suspended droplets. 18 Numerical studies were carried out to obtain the deformation of both freely suspended droplets and sessile droplets in a uniform magnetic field. 19, 20 The resulting droplet shape is determined by the interaction between interfacial tension and magnetic force. implemented a numerical model for a ferrofluid droplet falling down in a non-magnetic medium using a volume of fluid (VOF) method, 23 the ferrofluid in this model was taken to be linearly magnetized. The numerical study of nonlinearly magnetized ferrofluid droplet showed similar results with linear magnetized droplets at low magnetic field strengths. 24 Lavrova et al. also implemented the simulation of a nonlinearly magnetized ferrofluid droplet using finite element method (FEM). 20, 25 Tracking the interface movement is a critical issue in the simulation of a multiphase system. There are different strategies proposed to describe the interface location. Level-set method (LSM) was demonstrated by Osher and Sethian for predicting the interface in a fixed-grid system. 26 Scardovelli and Zaleski reviewed the VOF method for predicting the moving interface. 27 To compare the accuracy of predicting the interface location, both methods were tested for flows with large vorticity. 28, 29 In the present work, level set method is used with reinitialization strategy to improve mass conservation.
In this paper, we describe the deformation of a sessile ferrofluid droplet on a hydrophobic surface under the effect of an applied magnetic field. The uniform magnetic field is generated by an electromagnet. The ferrofluid droplet is inserted into the air gap between the coils. The magnetic field is oriented parallel to the substrate surface. A sample container filled with mineral oil is required for the experiment. Mineral oil prevents liquid evaporation and makes the surface apparently superhydrophobic due to the thin film of oil between the substrate and the ferrofluid droplet. In the experiments, the geometry of the droplet was recorded while the flux density of the applied magnetic field was varied with the applied current. A numerical model with non-linear magnetization was implemented to study the droplet shape under an applied uniform magnetic field coupled with interfacial tension and gravitational forces. The finite volume method is used to solve the governing equations. Interface tracking is achieved by level-set method.
Experimental Description
Materials and Methods Figure 1 shows the schematic setup of the experiments reported in this paper. The planar surface used in the experiment was prepared on a Pyrex glass wafer. In order to obtain the hydrophobic properties, we treated the surface using the method reported by Long et al. 30 Readers may refer to our previous work for the detailed procedure of the preparation of the surface. 13 The sample container for was made of polymethylmethacrylate (PMMA). The size of the container was determined by the available slot between the two poles of the electromagnet. The PMMA holder was machined by laser cutting. The container was assembled by gluing pieces of PMMA together using chloroform. The pretreated planar surface was placed at the bottom of the container. The droplet was surrounded by mineral oil to improve the hydrophobic property of the contact and to prevent evaporation. Water based ferrofluid (EMG707, Ferrotec, USA) was used with 1.8-vol% 10-nm 3 4 Fe O nanoparticles.
The viscosity of the ferrofluid at 27 ºC is 5 mPa s. The initial susceptibility is 0.36
. The surface tension of the ferrofluid and air is 50 mN/m. The density is =1.1 g/cm 3 at 25 ºC. The density of mineral oil (M5904 Sigma) at 25 ºC is =0.84 g/cm 3 .
We used a micropipette (Finnpipette, Thermo Scientific, USA) for dispensing the ferrofluid droplet. This micropipette is capable of accurately controlling liquid volumes ranging from 0.5 µL to 10 µL. 
Results and Discussion
For ferrofluid droplets surrounded by a non-magnetizable medium, the magnetic field induces a mismatch of the normal stress balance at the interface of the two liquids. This stress mismatch forces the droplet to elongate along the field direction. 
with the boundary condition,
where n is the unit vector normal to the interface,   is the density difference between the ferrofluid and the surrounding fluid; At the interface, the magnetic surface force density can be expressed as We first investigated the effect of uniform magnetic flux density on the shape of a sessile ferrofluid droplet on a super hydrophobic surface. Figure 4 shows the typical shapes of a sessile ferrofluid droplet under different magnetic flux densities. The droplet is elongated along the direction of the field. were present in the behavior of the droplets. To investigate the hysteresis effect in the experiment, data was recorded for both magnetic loading and unloading processes. The arrows in Figure 5 indicate the loading process with increasing flux density and the unloading process with decreasing flux density. The intrinsic hysteresis in the system can be investigated by the discrepancy between the two curves. The magnetization data in Figure 6 was obtained from the manufacturer's data sheet. The magnetization M is calculated from the depicted mass magnetization s as M s  , where  is the density of the ferrofluid. Saturation magnetization of the ferrofluid is reached if the magnetic flux density in air is about 500 mT. Figure 7 shows the parameters of droplet as a function of magnetization. The specific mass magnetization values in Figure 7 were obtained through fourth-order Newton's interpolating polynomials. The Langevin's magnetization law as shown in Figure 6 can systematically describe the super paramagnetic properties in the ferrofluid. Because of the large magnetic flux density, the droplet in our experiment actually undergoes nonlinear magnetization. For a small flux density, the deformation is significantly affected by the applied flux density. Figure 6 shows that the magnetization increases dramatically with an increasing flux density. In the range of flux density from 150 mT to 370 mT, the characteristic parameters of the droplets remain almost constant if depicted as function of the flux density. The relationship between the droplet parameters and the magnetization is better represented using the actual magnetization data of the ferrofluid droplet.
Numerical Simulation Governing Equations
Except for the jump at the interface, the properties of a two-phase system are continuous.
Thus, the governing equations of a continuum are still valid for describing the physical field inside each phase. Assuming a unsteady, incompressible, viscous, immiscible multi-phase system, the continuity and momentum equations are expressed as,
where u  is the velocity vector, and P is the pressure. 
where m  is the ferrofluid susceptibility, and  is the magnetic scalar potential. The 
Due to discontinuity across the interface, properties within the whole computational domain are defined using the smoothed Heaviside function ( )
or a harmonic mean
The smoothed Heaviside function ( )
The typically good value of  is 1.5 of the grid cell length. In our numerical model, the density is calculated by the arithmetic method. The viscosity and magnetic susceptibility act as coefficient of diffusion term and can be solved through the harmonic approach. The governing equations are solved on a Cartesian staggered grid by finite volume method.
We used the level-set method 26 to track the interface between the ferrofluid and the surrounding oil. The motion of the interface was obtained through introducing a signed normal distance function from the interface. During the numerical calculation, a reinitialization strategy was applied to reset and ensure the level-set function to be a signed distance function of the interface. 35 The level-set function was solved within a narrow band around the interface. This narrow-band approach as implemented by Peng et al. showed that the accuracy of the numerical results is not affected. 36 The processing time would be reduced by one order of magnitude due to the application of the narrow-band approach. The level-set and reinitialization equations are Hamiltonians in special form and thus can be solved by high-order weighted essentially non-oscillatory (WENO) schemes. The total variation diminishing (TVD) Runge-Kutta method was used for time discretization.
37, 38

Validations and Results
A three-dimensional (3D) numerical model was developed using the geometry from the experiment for a ferrofluid droplet surrounded by mineral oil. The initial size of the simulated droplet was set to be 4.8 µL, which was the largest size investigated in the experiment, for this size, the effect of gravity is also captured in the simulation. The whole computational area was meshed uniformly. Due to symmetry, a one-half model was implemented. No-slip boundary condition was employed at the wall. Symmetric boundary conditions were applied at the symmetric surface. At first, a grid-independent study was carried out. Two different meshes with 42 34 26 CVs at a time step of The magnetic force was then induced to study the effect on droplet deformation. The susceptibility mismatch between the two fluids enables the generation of magnetic force and thus the droplet deformation. In the experiments, the deformation of ferrofluid droplets occurred under a relatively high field strength. The magnetization curve in Fig. 6 shows that the region for droplets deformation is highly nonlinear. As ferrofluid droplets underwent nonlinear magnetization, the Langevin's magnetization law described by Eq. (4) 
